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Abstract—Beyond conventional linear and kernel-based feature extraction, we
present a more generalized formulation for feature extraction in this paper. Two
representative algorithms using the correlation metric are proposed based on this
formulation. Correlation Embedding Analysis (CEA), which incorporates both
correlational mapping and discriminant analysis, boosts the discriminating power
by mapping the data from a high-dimensional hypersphere onto another
low-dimensional hypersphere and preserving the neighboring relations with
local-sensitive graph modeling. Correlational Principal Component Analysis
(CPCA) generalizes the Principal Component Analysis (PCA) algorithm to the
case with data distributed on a high-dimensional hypersphere. Their advantages
stem from two facts: 1) directly working on normalized data, which are often the
outputs from data preprocessing, and 2) directly designed with the correlation
metric, which is shown to be generally better than euclidean distance for
classification purpose in many real-world applications. Extensive visual recognition
experiments compared with existing feature extraction algorithms demonstrate the
effectiveness of the proposed algorithms.

Index Terms—Feature extraction, graph embedding, correlation embedding
analysis, correlational principal component analysis, face recognition.

˙
1 INTRODUCTION

SUBSPACE learning is one of the key techniques for feature
extraction and dimensionality reduction that are prevalent in
many pattern classification problems [1], [2], [3], e.g., visual
recognition. The common objective of subspace learning is to learn,
in a supervised or unsupervised manner, a projection from the
original high-dimensional feature space to a desired low-dimen-
sional feature space such that the intrinsic data relations and
distributions are revealed. Classical techniques such as Principal
Components Analysis (PCA) [4] and Linear Discriminant Analysis
(LDA) [5], or their kernelized variations [6], measure the euclidean
distance between data points and obtain the global projection via a
parametric model with the assumption of Gaussian distribution in
the data space [7], [8]. In general, these approaches are often based
upon the assumption that the training data are drawn from the
same underlying distribution as the testing data. Unfortunately,
due to the limitations in data collecting and the high complexity of
the sensory inputs, it is usually difficult to guarantee that the
training data have the desired characteristics in a statistically
sufficient way.

Adopting a nonparametric model on the data space [9], recent
studies demonstrate that local structures and the geometric nature
[10], [11] of the data space take on more discriminating power for

classification, especially in the face recognition scenario [2]. The
basic assumption of these techniques is that the high-dimensional
data can be considered as a set of geometrically related points lying
on or nearly on a smooth low-dimensional manifold [12]
embedded in the ambient space. Each object space is usually a
submanifold. Some nonlinear manifold learning algorithms, such
as Locally Linear Embedding (LLE) [13], Isomap [14], Laplacian
Eigenmaps [15], and Semidefinite Embedding (SDE) [16], aim at
discovering the geometric nature of the data distribution.
Particularly, embedding learning is closely related to preserving
the local topological structure of neighborhood connections [11].
Since these nonlinear methods are only defined on the training
data space, for practical applications, we have to use the out-of-
sample extension [17] technique to deal with testing data.

We are also suggesting using the linear approximation form for
the nonlinear methods in the style of graph embedding [18], such
as Locality Preserving Projections (LPPs) [19] and Locally
Embedded Analysis (LEA) [3]. The basic idea is to observe and
model the local manifold structure registered on an affinity graph.
However, these algorithms mainly focus on a nonparametric way
of data distribution modeling so that the discriminating power
cannot be guaranteed sufficiently high. As a result, the projected
data points of different classes may still mix up after embedding.
By supervised learning, it has been shown that the discriminating
power can be boosted by the Fisher criterion [1] and the kernel
trick [6]. Local Discriminant Embedding (LDE) [20], Marginal
Fisher Analysis (MFA) [18], Discriminant Simplex Analysis (DSA)
[3], or Nonnegative Graph Embedding (NGE) [21], and their
2D/kernel variants can achieve good face recognition performance
by integrating the local neighborhood information and class label
information. Kernel PCA and kernel LDA also show generally
good performance for face recognition [6]. Other ways, such as
Orthogonal LPP (OLPP) [22], geodesic-distance-based LDA [23],
simplexization [3], regularization [24], and extended Isomap [25],
can additionally enhance the discriminating capability as well.

An additional perspective we may notice in practice is that the
euclidean metric may not be able to capture the intrinsic (high-
level) similarities between images, especially when diversified
variations are shown and mixed up. Some studies suggested
estimating angles and local distances [16], [26] to support the
existence of rotation, reflection, or translation for the local mapping
between data points and their neighbors. For distance metric
selection, many classifiers rely on the distances between data
points in the input space. Moreover, in many cases of nonpara-
metric learning, conventional euclidean distance-based methods
cannot clearly explain the distributional structure of the data.
Hence, a more general case adapted to the nature of data is to
consider the correlation between two data vectors [27], [28], [29],
[26], which indicates the strength and direction of a linear
relationship between two random variables.

In this paper, our contributions to the feature extraction
problem are twofold. On one hand, we propose a generalized
formulation based on the graph embedding framework for feature
extraction, where the mapping from the original high-dimensional
feature space to the desired low-dimensional feature space is
general, not constrained to be based on only linear or kernel
techniques. On the other hand, we present two representative
feature extraction algorithms motivated by this general formula-
tion and the correlation metric for similarity measurement. One of
them is a supervised algorithm, called Correlation Embedding
Analysis (CEA), which integrates both the correlational embedding
nature and the discriminating criterion. In particular, CEA can
map the high-dimensional data onto the low-dimensional unit
hypersphere [30], [31] with local-sensitive graph modeling [32].
The other one is unsupervised yet also based on the correlation
metric. It generalizes the PCA to handle the data distributed on a
high-dimensional hypersphere and, hence, is called Correlational
Principal Component Analysis (CPCA). The work most related to
this paper is Correlation Discriminant Analysis (CDA) [28], which
also uses the correlation metric for designing the feature extraction
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algorithm. CDA is a special case of our proposed generalized
feature extraction framework. Compared with CEA, CDA has
limited discriminating power because of the nongeneralized graph
modeling scheme and higher computational costs due to its larger
parameter space and the randomly initialized iterative solution.

It is worthwhile to highlight some aspects of the CEA and
CPCA algorithms:

1. CEA is a supervised feature extraction method and
directly optimizes the objective function characterizing
the discriminating power with the correlation metric,
which has been shown to be more effective than euclidean
distance for visual classification purpose in many real-
world applications.

2. CPCA naturally has the capability to handle data on a
hypersphere, which cannot be well explained by the
conventional euclidean distance-based PCA algorithm.

3. CEA and CPCA essentially use nonlinear mapping
functions for feature extraction and, hence, have a greater
capability to uncover the data structure information
compared with linear techniques for feature extraction.

2 FORMULATION FOR GENERALIZED FEATURE
EXTRACTION

For a general classification problem, assume that the training set is
represented as matrix form X … ‰x1; x2; . . . ; xn�, where xi 2 IRD

and n is the number of training data. The corresponding class label
of xi is denoted as li 2 f1; . . . ; ncg, where nc is the number of
classes. In practice, feature extraction is in great demand due to the
fact that the effective information for classification often lies within
a lower dimensional feature space. Mathematically speaking, the
purpose of feature extraction is to seek a mapping function,
denoted as fðx; PÞ, where P represents the parameters, to map the
datum x to the desired low-dimensional representation y 2 IRd,
namely, y … fðx; PÞ.

As formulated by graph embedding [18], most dimension-
ality reduction algorithms can be unified into a general
framework, which is described as follows: Let G … fX; Wg be
an undirected weighted graph with vertex set X and similarity
matrix W 2 IRn�n. Each element of the real symmetric matrix
W measures the similarity between a pair of vertices. For a
specific dimensionality reduction algorithm, there may exist two
graphs, the intrinsic graph Gi … fX; Wig and the penalty graph
Gp … fX; Wpg. The intrinsic graph characterizes data properties
that the algorithm favors and the penalty graph describes proper-
ties that the algorithm tries to avoid. A graph-preserving criterion
is imposed for these two objectives as

minP
P

i 6…j fðxi; PÞ � fðxj; PÞ
�� ��2wðiÞ

ij

maxP
P

i6…j fðxi; PÞ � fðxj; PÞ
�� ��2wðpÞ

ij ;

(

ð1Þ

where wðiÞ
ij is the element of the matrix Wi and wðpÞ

ij is the element
of matrix Wp.

There exist several different formulations for this purpose [33],
[18]. In this work, we consider the difference-form formulation
[33], namely,

argmax
P

F ðPÞ …
X

i 6…j
fðxi; PÞ � fðxj; PÞ

�� ��2� wðpÞ
ij � wðiÞ

ij

� �( )

: ð2Þ

As described in [18], there exist four types of mapping functions
for fðx; PÞ, which correspond to four types of graph embeddings:

1. direct graph embedding with implicit mapping functions,
2. linearization with linear mapping functions,
3. kernelization with kernel-based nonlinear mapping func-

tions, and
4. tensorization with multilinear mapping functions.

These four types of graph embeddings are very popular due to
their computational efficiency, but the possible mapping functions
for fðx; PÞ here are far beyond these four types and real
applications often demand more general solutions for the graph
embedding. In this section, we introduce the general solution for
the graph embedding formulation only with the assumption that
the mapping function fðx; PÞ is differentiable almost everywhere
with respect to P. In this case, a direct method is to utilize the
gradient descent approach to search for the solution based on the
derivative:

@F ðPÞ
@P

… 2
X

i 6…j
wðpÞ

ij � wðiÞ
ij

� �
�
Xd

k…1
fkðxi; PÞ � fkðxj; PÞ

� �

�
@fkðx; PÞ

@P

���
xi

�
@fkðx; PÞ

@P

���
xj

� 	
:

ð3Þ

This formulation and solution for generalized graph embedding
offer greater flexibility for feature extraction: 1) There is no
constraint on the parameter P, which means that, for linear feature
extraction, we can use a general transformation matrix for feature
extraction instead of the conventional columnly normalized matrix
and 2) it is possible to constrain the value of y, e.g., on a unit sphere,
by properly designing the mapping function fðx; PÞ, such as
fðx; PÞ … PT x

kPT xk used in this work. In the next section, motivated by
the effectiveness of the correlation metric for similarity measure-
ment [34], [27], [29], we introduce two representative feature
extraction algorithms based on this generalized formulation.

3 GENERALIZED FEATURE EXTRACTION BASED ON
CORRELATION METRIC

3.1 Motivations
In statistics literature, “correlation” indicates the strength and
direction of a linear relationship between two random variables. In
the broad sense, measuring the degree of correlation is apt to
measure a particular distance between variable pairs, revealing the
nature of data. Suppose two images are considered as random
variables, X1 and X2, represented by two vectors, x1 and x2, with
each pixel (each element in the vector) being a measurement. The
Pearson correlation coefficient can be viewed as the cosine similarity
between them [34], [28] if each vector is centered to have zero mean
for all elements. In this work, correlation is utilized in a more general
manner by ignoring the requirement of zero mean, which is the
uncentered Pearson correlation coefficient [35]. Hence, we have the
following generalized definition for correlation:1

CorrðX1; X2Þ …
hx1; x2i


















hx1; x1i

p 
















hx2; x2i

p ; ð4Þ

where the operator h�; �i means the inner product of two vectors.
From (4), we can see that the correlation metric only considers the
angle similarity and discards the scaling on the magnitude. Such a
metric has the advantage of being not sensitive to outliers, which
may be far away from exact samples if measured by euclidean
distance, yet may still be near to the exact samples due to the
normalization.

The use of the correlation metric for similarity measurement in
this work is motivated by the following two aspects: On one hand,
the data for certain problems often need to be preprocessed, such
as being normalized [30], [26] to be unitary or histogram
equalization, which nonlinearly changes the distribution of the
data and often results in a non-Gaussian distribution. But, most of
the classical algorithms for feature extraction, e.g., PCA and LDA,
typically assume the Gaussian distribution for the data and, hence,
new algorithms designed for this type of preprocessed data are
desired. On the other hand, many studies [36], [28], [26] show that
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correlation metric-based similarity measurement outperforms the
conventional euclidean distance or L1 distance for the classification
task, but the optimality of the objective functions for most classical
feature-extraction algorithms relies on the euclidean distance. A
natural question is whether we can gain more if we design the
feature-extraction algorithms directly based on the correlation
metric. We give a positive answer to this question in this work. In
the following two sections, we present two new feature-extraction
algorithms based on the correlation metric by following the
formulation of generalized feature extraction in Section 2.

3.2 Example Algorithm 1: Correlation Embedding
Analysis

Unlike PCA and LDA, one main characteristic of CEA is that it
reflects the local angle relations among neighboring data based on
the correlation metric in a nonparametric way [32]. Also, the class
label information is utilized for discriminant embedding. Fig. 1a
illustrates a toy example of the correlation embedding. The
objective of CEA is to preserve the correlations between every
local data pair and simultaneously differentiate classes during the
embedding. Note that CEA cannot guarantee the conformal
embedding for every data point. To obtain an embedding for
discriminant learning, CEA has two objectives:

. Increase the same-class correlation affinity while reducing
the different-class correlation affinity after the embedding.
This is in the style of the so-called Fisher criterion, which
maximizes the interclass scatter and minimizes the
intraclass scatter as well.

. If the two original high-dimensional data are close with
large correlation (small cosine angle), the embedded low-
dimensional data are close as well in the same metric.

Due to the correlation metric, CEA can work well in many non-
Gaussian cases where PCA and LDA may fail to find the optimal
direction for classification purpose. Fig. 1b shows two toy
examples for two-class classification problems. The data of each
class are obviously of non-Gaussian distribution. In each case, PCA
or LDA may misclassify some samples, whereas CEA can find a
better direction. Note that these examples represent extreme cases
of the non-Gaussian distribution, which are not the only situations
or even the major situations where the CEA algorithm works.

3.2.1 Objective Function and Optimization
CEA first projects the original data points onto a high-dimensional
unit hypersphere for feature representation tolerable to overall
gray-level scaling. After this step, the distance metric is changed
from euclidean to correlation. Define two correlation affinity
graphs Gs and Gd, both with n nodes, which are two particular
cases of Gi and Gp, respectively. The ith node corresponds to the
datum xi. For Gs, we only consider each pair of data xi and xj from
the same class with li … lj. An edge is constructed between nodes i
and j if xj is among the ks largest correlation neighbors of xi. For

Gd, we only consider each pair of data xi and xj from the different
classes with li 6… lj. An edge is constructed between nodes i and j if
xj is among the kd largest correlation neighbors of xi. Here, ks and
kd can be different and chosen with empirical values. Define the
n � n correlation affinity matrices Ws of graph Gs and Wd of
graph Gd. The weight of the edge between xi and xj is set by wij,
with wij … 0 if node i and j are not connected. The parameter wij is
defined afterward. To ensure that the affinity in the low-
dimensional feature space is also defined with the correlation
metric, the objective function of CEA is defined as

argmax
P

F ðPÞ …
X

i 6…j
fðxi; PÞ � fðxj; PÞ

�� ��2� wðdÞ
ij � wðsÞ

ij

� �( )

;

where fðxi; PÞ …
PT xi

kPT xik
:

ð5Þ

Note that fðxi; PÞ is set to be zero if kPT xik … 0. The formulation
(5) can be rewritten as

argmax
P

F ðPÞ … 2
X

i 6…j
1 �

xT
i PPT xj




















































xT
i PPT xi

� �
xT

j PPT xj

� �r

0

BB@

1

CCA � wðd�sÞ
ij

8
>><

>>:

9
>>=

>>;
;

ð6Þ

where wðd�sÞ
ij … wðdÞ

ij � wðsÞ
ij . This objective function is nonlinear. It

essentially couples the neighborhood and class information
through the elements of Ws and Wd. As for generalized feature
extraction, we can define the gradient descent rule for optimization
by differentiating F ðPÞ with respect to matrix P. Equation (6) can
be optimized by steepest descent, conjugate gradients, or other fast
gradient descent methods. Then, we can simply derive

@F ðPÞ
@P

… 2
X

i 6…j

fijxixT
i P

f3
i fj

þ
fijxjxT

j P
f3

j fi
�

xixT
j P þ xjxT

i P
fifj

" #

� wðd�sÞ
ij ;

ð7Þ

where fi …






















xT

i PPT xi

q
; fj …























xT

j PPT xj

q
; fij … xT

i PPT xj.

3.2.2 Initialization for Optimization
We can only calculate local maxima via iterative optimization
techniques for (6) since this objective function is not convex.
Especially when the dimension of the data space is too large, the
gradient descent may not be deep enough to converge to a good
solution. Hence, a good initial solution is critical to achieving a
sufficient optimization.

To obtain a good initialization efficiently, we ignore the
normalization term in the mapping function, namely, setting
fðxi; PÞ … PT xi. It follows the conventional linearization form of
graph embedding [18], [26] and the two terms in (1) are changed as
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Fig. 1. Correlation embedding analysis. (a) The correlation between every local data pair is preserved after the embedding. (b) Examples for non-Gaussian distributions
and the cases where CEA works better than PCA and LDA.
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minP
P

i 6…j
kPT xi � PT xjk2wðsÞ

ij … Trace PT XðDs � WsÞXT P
� �

( )

maxP
P

i 6…j
kPT xi � PT xjk2wðdÞ

ij … Trace PT XðDd � WdÞXT P
� �

( )

;

8
>>>><

>>>>:

ð8Þ

where Ds is a diagonal matrix and its diagonal element is the
corresponding row sum of the matrix Ws and the same goes for Dd
and Wd. In this case, these two terms may be greatly different in
scale due to throwing away the correlation metric. To avoid the
imbalance of these two terms and, at the same time, ensure good
efficiency, we utilize the ratio trace form of the objective function
instead of the trace difference one, namely,

argmax
P

Trace PT XðDs � WsÞXT P
� ��1 PT XðDd � WdÞXT P

� �� �
:

ð9Þ

The closed-form solution can be obtained by solving the
eigenvalue problem

XðDd � WdÞXT� �
pr … �r XðDs � WsÞXT� �

pr; ð10Þ

where pr is the eigenvector corresponding to the rth largest
eigenvalue �r as well as the rth column vector of P.

3.2.3 Correlation Affinity Weights
After centering and normalization, the relationship of any pair of
transformed data can be effectively modeled by the cosine-angle
value of the two vectors on the unit hypersphere. Since xi and xj are
both unit vectors, we have hxi; xji … kxik � kxjk � cos �ij … cos �ij,
where �ij is the angle between the two vectors. In
general, the correlation affinity distance can be defined
by distðxi; xjÞ …


























2 � 2 cos �ij

p
. Hence, we have hxi; xji 2 ‰�1; 1�

and distðxi; xjÞ 2 ‰0; 2�. Following our previous work [26], [37] and
existing work [15], [38], we define three popular modes of
wij configurations to form Ws and Wd: 1) Balanced soft weights. If
nodes i and j are connected, the weight of the edge between xi

and xj is set by wij … expð�dist2ðxi ;xjÞ
2t Þ … expðhxi ;xji�1

t Þ. 2) Unbalanced
soft weights. If node i and j are connected, for Ws, the weight is
set by wðsÞ

ij … expðhxi ;xji�1
ts

Þ, while, for Wd, the weight is set by
wðdÞ

ij … expðhxi ;xji�1
td

Þ, where ts and td can be different. 3) Balanced
rigid weights. If node i and j are connected, the weight is set by
wij … 1 and wij … 0 otherwise. The Ws and Wd are symmetric and
nonnegative matrices that are defined over all data points to model
the local correlation affinity of the data.

3.2.4 Correlation Affinity Classification
Since CEA is based on the correlation metric for feature extraction,
in the classification stage, we also use the correlation metric for test
data. For a normalized test data point xt 2 IRD, we calculate its
low-dimensional representation by yt … PT xt

kPT xtk
. The class label of

the new datum is classified as that of the datum with index as

argmax
i

yT
t yi …

PT xt

kPT xtk
;

PT xi

kPT xik

� �
 �
: ð11Þ

3.3 Example Algorithm 2: Correlational Principal
Component Analysis

Similarly to LDA, PCA also has the assumption that the data are of
Gaussian distribution and hence cannot handle the data well on a
high-dimensional hypersphere. Proven in [18], PCA can be
considered as a graph embedding algorithm with only one graph,
namely, the penalty graph Gp, where every data pair is connected,

and wðpÞ
ij … 1=n, 8 i 6… j. Similarly to CEA, we can also use the

correlation metric to measure the data similarity in the derived
low-dimensional PCA space and we have the formulation as

argmax
P

F ðPÞ … 2
X

i 6…j
1 �

xT
i PPT xj




















































xT
i PPT xi

� �
xT

j PPT xj

� �r

0

BB@

1

CCA � wðpÞ
ij

8
>><

>>:

9
>>=

>>;
;

ð12Þ

which can be optimized by steepest descent, conjugate gradients,
or other fast gradient descent methods. Then, the derivative can be
computed as

@F ðPÞ
@P

… 2
X

i 6…j

fijxixT
i P

f3
i fj

þ
fijxjxT

j P
f3

j fi
�

xixT
j P þ xjxT

i P
fifj

" #

� wðpÞ
ij :

ð13Þ

This new algorithm is based on the correlation metric and, hence,
we call it CPCA.

3.4 Discussions
CDA [28] is a recently proposed algorithm that uses the correlation
metric for feature extraction. Its objective is defined as

argmax
A

ðSs � SdÞ; s:t: A � 0; ð14Þ

where

Ss …
1

Ns

X

ði;jÞjli…lj

xT
i Axj

















xT

i Axi
p 
















xT
j Axj

q

and

Sd …
1

Nd

X

ði;jÞjli 6…lj

xT
i Axj

















xT

i Axi
p 
















xT
j Axj

q :

Here, Ns and Nd are the numbers of sample pairs that are from the
same classes and different classes, respectively. CDA is also
optimized based on the gradient descent method but needs to
ensure that A is positive semidefinite in each iteration. If we set
A … PT P, it is easy to prove that CDA also follows the generalized
formulation in (2) with fðx; PÞ … PT x

kPT xk if the weight matrices of the
two graphs are defined as

wðiÞ
ij …

1
2Ns

; wðpÞ
ij … 0; if li … lj; ð15Þ

wðiÞ
ij … 0; wðpÞ

ij …
1

2Nd
; if li 6… lj: ð16Þ

It shows that CDA is a special case of our proposed generalized
formulation for feature extraction.

4 EXPERIMENTS

We perform extensive evaluations on the proposed CEA and
CPCA for face recognition. Two popular face databases, CMU PIE
[39] and Yale-B + Extended Yale-B [40], [41], are adopted. We
compare CPCA with PCA [4] and CEA with the most popular
subspace learning algorithms, PCA, LDA [5], LPP [19], LSDA [38]
(a particular case of LDE [20]), and CDA [28]. In order to prove that
not only the pre/postprocessing (centering + normalization and
correlation affinity classification) but also the CEA objective
function itself contributes to the superior discriminating power
of CEA, we also test Normalization+LDA (N-LDA), Normal-
ization+LPP (N-LPP), Normalization+LSDA (N-LSDA), LDA+Cor-
relation classifier (LDA-C), LPP+Correlation classifier (LPP-C),
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LSDA+Correlation classifier (LSDA-C), Normalization+LDA+Cor-
relation classifier (N-LDA-C), Normalization+LPP+Correlation
classifier (N-LPP-C), and Normalization+LSDA+Correlation clas-
sifier (N-LSDA-C). The pre/postprocessing is all the same as that
for CEA. Here, CPCA and PCA are unsupervised, while the others
are all in supervised configurations. The final classification is
based on the Nearest Neighbor (NN) classifier. The baseline
recognition by PCA is performed in the original image space using
euclidean distance for classification with dimensionality reduction.
All of the results reported for those algorithms in comparison are
from the best tuning of their parameters.

4.1 Data Preparation
The CMU PIE database contains a total of 41,368 images of
68 subjects with 500+ images for each. The face images were
captured by 13 synchronized cameras and 21 flashes, under varying
pose, illumination, and expression. For each subject, we manually
select 168 images that cover large illumination variation, pose
variation, and moderate variety in expression, constituting a
challenging face database for recognition task. Face images are
manually aligned, cropped out from the selected images, and
resized to be 20 � 20 pixels, with 256 gray levels per pixel. The
feature of each image is represented by a 400-dimensional column
vector.

The Yale Face Database B contains 5,760 single-light-source
images of 10 subjects, each under 576 viewing conditions (9 poses
� 64 illumination conditions). The extended Yale Face Database B
contains 16,128 images of 28 human subjects with the same
condition and data format as in the previous database. We
combine these two databases to include 38 subjects in total. The
images are cropped and resized to 32 � 32 pixels, with 256 gray
levels per pixel. The feature of each image is represented by a
1,024-dimensional column vector. Large illumination variation is
the common property in both PIE and Yale-B databases.

4.2 Face Recognition on the PIE Database
To further reduce the size of the PIE database, we randomly choose
34 samples for each individual and finally have 2,312 images in total.
A random database partition is done with 5, 10, 15, and 20 images
per individual for training and the rest of the database for testing.
Different subspace learning methods are applied to extract the facial
features for NN classification. Table 1 shows the recognition results
for each method with both the error rate and the corresponding best

subspace/projection dimension. As can be seen, CEA outperforms
all the other methods in all the cases with the lowest error rates of
35.29 percent, 18.87 percent, 13.62 percent, and 9.45 percent,
corresponding to the projection dimensions (the number of
parameter vectors) of 299, 196, 81, and 242, respectively. CPCA
significantly outperforms PCA with the error rates of 65.42 percent,
50.43 percent, 41.33 percent, and 33.51 percent, corresponding to the
projection dimensions of 260, 261, 264, and 293, respectively. We also
see that PCA performs the worst among all of the evaluated feature
extraction methods and the other three methods are comparable to
each other. Each of the pre/postprocessing in N-LDA, N-LPP, and
N-LSDA or LDA-C, LPP-C, and LSDA-C can significantly improve
the performance of the corresponding LDA, LPP, and LSDA without
such processing. The combined pre/postprocessing in N-LDA-C,
N-LPP-C, and N-LSDA-C shows more improvements, yet is still not
as good as CEA. Since CDA has expensive computational cost and
sensitive optimization, as we will discuss afterward, we initialize
the CDA iterations by the best N-LDA-C result and keep the same
projection dimension. We can see that CDA outperforms N-LDA-C
but still cannot outperform CEA.

4.3 Face Recognition on the Yale-B Database
We select around 64 near frontal images under different illumina-
tions per individual for the experiments on the Yale-B database. A
random database partition is performed with 5, 10, 20, and
30 images per individual for training and the rest of the database
for testing. Again, different subspace learning methods are applied
to extract the facial features for NN classification. Table 2 shows
the recognition results for each method with both the error rate
and the corresponding best subspace/projection dimension. We
get results consistent with the PIE database. PCA still performs the
worst and the other three supervised subspace learning methods
are comparable to each other. Each of the pre/postprocessing in
N-LDA, N-LPP, and N-LSDA or LDA-C, LPP-C, and LSDA-C can
significantly improve the performance of the corresponding LDA,
LPP, and LSDA without such processing. The combined pre/
postprocessing in N-LDA-C, N-LPP-C, and N-LSDA-C shows
more improvements yet is still not as good as CEA. CEA still
consistently outperforms the other methods in all the cases of
database partitions with error rates of 22.61 percent, 7.55 percent,
6.22 percent, and 3.56 percent, corresponding to the projection
dimensions of 103, 229, 218, and 202, respectively. CPCA
significantly outperforms PCA with error rates of 41.39 percent,
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TABLE 1
Face Recognition Performance Comparison on the PIE Database
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