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Graph Embedding and Extensions: A General
Framework for Dimensionality Reduction
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Abstract—Over the past few decades, a large family of algorithms—supervised or unsupervised; stemming from statistics or
geometry theory—has been designed to provide different solutions to the problem of dimensionality reduction. Despite the different
motivations of these algorithms, we present in this paper a general formulation known as graph embedding to unify them within a
common framework. In graph embedding, each algorithm can be considered as the direct graph embedding or its linear/kernel/tensor
extension of a specific intrinsic graph that describes certain desired statistical or geometric properties of a data set, with constraints
from scale normalization or a penalty graph that characterizes a statistical or geometric property that should be avoided. Furthermore,
the graph embedding framework can be used as a general platform for developing new dimensionality reduction algorithms. By utilizing
this framework as a tool, we propose a new supervised dimensionality reduction algorithm called Marginal Fisher Analysis in which the
intrinsic graph characterizes the intraclass compactness and connects each data point with its neighboring points of the same class,
while the penalty graph connects the marginal points and characterizes the interclass separability. We show that MFA effectively
overcomes the limitations of the traditional Linear Discriminant Analysis algorithm due to data distribution assumptions and available
projection directions. Real face recognition experiments show the superiority of our proposed MFA in comparison to LDA, also for

corresponding kernel and tensor extensions.

Index Terms—Dimensionality reduction, manifold learning, subspace learning, graph embedding framework.

1 INTRODUCTION

TECHNIQUES for dimensionality reduction [1] in super-
vised or unsupervised learning tasks have attracted
much attention in computer vision and pattern recognition.
Among them, the linear algorithms Principal Component
Analysis (PCA) [11], [14], [22] and Linear Discriminant
Analysis (LDA) [8], [14], [32], [33] have been the two most
popular because of their relative simplicity and effective-
ness. Another linear technique called Locality Preserving
Projections (LPP) [10] has been proposed for dimensionality
reduction that preserves local relationships within the data
set and uncovers its essential manifold structure. For
conducting nonlinear dimensionality reduction on a data
set that lies on or around a lower dimensional manifold,
ISOMAP [20], LLE [18], and Laplacian Eigenmap [3] are
three algorithms that have recently been developed. In
addition, the kernel trick [16] has also been widely applied
to extend linear dimensionality reduction algorithms to
nonlinear ones by performing linear operations on other
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higher or even infinite dimensional features transformed by
a kernel mapping function. Recently, a number of algo-
rithms [25], [26], [27], [29], [30], [31] have been proposed to
conduct dimensionality reduction on objects encoded as
matrices or tensors of arbitrary order.

In this paper, we present two linked innovations to
dimensionality reduction. First, we present a general frame-
work called graph embedding, along with its linearization,
kernelization, and tensorization, that offers a unified view for
understanding and explaining many of the popular dimen-
sionality reduction algorithms such as the ones mentioned
above. The purpose of direct graph embedding is to represent
each vertex of a graph as a low-dimensional vector that
preserves similarities between the vertex pairs, where
similarity is measured by a graph similarity matrix that
characterizes certain statistical or geometric properties of the
data set. The vector representations of the vertices can be
obtained from the eigenvectors corresponding to the leading
eigenvalues of the graph Laplacian matrix with certain
constraints. While direct graph embedding only presents
the mappings for the graph vertices in the training set, its
extensions provide mappings for all samples, such as new test
data, in the original feature space. The linearization of graph
embedding assumes that the vector representation of each
vertex is linearly projected from the original feature vector
representation of the graph vertex and the kernelization of
graph embedding applies the kernel trick on the linear graph
embedding algorithm to handle data with nonlinear dis-
tributions. Finally, in the tensorization of graph embedding,
the original vertex is encoded as a general tensor of arbitrary
order and the multilinear algebra approach is applied to
extend the direct graph embedding to multilinear cases based
on tensor representations. As we show in this paper, the
above-mentioned algorithms, such as PCA, LDA, LPP,
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ISOMAP, LLE, Laplacian Eigenmap, and the recently
proposed tensor based algorithms, can all be reformulated
within this common framework. In graph embedding, the
underlying merits and shortcomings of different dimension-
ality reduction schemes, existing or new, are revealed by
differences in the design of their intrinsic and penalty graphs
and their types of embedding.

Our second contribution is to show that the graph
embedding framework can be used as a general platform
for developing new dimensionality reduction algorithms.
We accomplish this task by designing graphs according to
specific motivations. In particular, we will focus on
formulating a variant of LDA using graph embedding.
We observe that, despite the success of the LDA algorithm
in many applications, its effectiveness is still limited since,
in theory, the number of available projection directions is
lower than the class number. Furthermore, class discrimi-
nation in LDA is based upon interclass and intraclass
scatters, which is optimal only in cases where the data of
each class is approximately Gaussian distributed, a prop-
erty that cannot always be satisfied in real-world applica-
tions. While many efforts [32], [33], including the popular
null subspace algorithm [24], have been devoted to
improving the performance of LDA, the fundamental issues
and limitations of LDA are still unsolved in theory.

Using the graph embedding framework as a platform, we
develop anovel dimensionality reduction algorithm, Margin-
al Fisher Analysis (MFA), to overcome these limitations of
LDA. In MFA, the intrinsic graph is designed to characterize
intraclass compactness, and the penalty graph is formulated
for interclass separability. In the intrinsic graph, a vertex pair
isconnected if one vertex isamong the k;-nearest neighbors of
the other and the elements of the pair belong to the same class.
In the penalty graph, for each class, the k,-nearest vertex pairs
in which one element is in-class and the other is out-of-class
are connected. Based on the graph embedding framework,
we develop MFA, Kernel MFA, and Tensor MFA to preserve
the characteristics of the intrinsic graph and at the same time
suppress the characteristics of the penalty graph. In compar-
ison to LDA, MFA has the following advantages: 1) The
number of available projection directions is much larger than
that of LDA, 2) there is no assumption on the data
distribution, thus itis more general for discriminant analysis,
and 3) without a prior assumption on data distributions, the
interclass margin can better characterize the separability of
different classes than the interclass scatter in LDA.

The rest of the paper is structured as follows: We introduce
in Section 2 the unified graph embedding formulation along
with its linearization, kernelization, and tensorization for
general dimensionality reduction. We then utilize the graph
embedding framework as a general platform for dimension-
ality reduction to design Marginal Fisher Analysis along with
its kernelization and tensorization in Section 3. We experi-
mentally evaluate the proposed schemes in a series of face
recognition experiments as well as a synthetic data experi-
ment in Section 4. Finally, we give concluding remarks and a
discussion of future work in Section 5.

2 GRAPH EMBEDDING: A GENERAL FRAMEWORK
FOR DIMENSIONALITY REDUCTION

Many approaches have been proposed for the dimension-
ality reduction task. Although the motivations of all these
algorithms vary, their objectives are similar, that is, to
derive a lower dimensional representation and facilitate the
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Fig. 1. lllustration of dimensionality reduction for data of different forms.
Note that the third-order tensor data are the Gabor filtered images.

subsequent classification task. A natural question that arises
is whether they can be reformulated within a unifying
framework and whether this framework assists the design
of new algorithms. In this section, we give positive answers
to these questions. We present the novel formulation of
graph embedding along with its linearization, kernelization,
and tensorization to provide a common perspective in
understanding the relationship between these algorithms
and to design new algorithms.

2.1 Graph Embedding

For ageneral classification problem, the sample set for model
training is represented as a matrix X ... §X1;X2;...; XN ;
Xi 2 IR™, where N is the sample number and m is the feature
dimension. For supervised learning problems, the class label
of the sample x; isassumed to bec; 2 f1;2;...; N.g, where N,
isthe number of classes. We also let . and n. denote the index
set and number of the samples belonging to the cth class,
respectively.

In practice, the feature dimension m is often very high
and, thus, it is necessary and beneficial to transform the
data from the original high-dimensional space to a low-
dimensional one for alleviating the curse of dimensionality
[8]. The essential task of dimensionality reduction is to find
a mapping function F : x ¥ ¢ that transforms x 2 IR™ into
the desired low-dimensional representation § 2 R™, where,
typically, m m®

$..F x: 1

The function F may be explicit or implicit, linear, or
nonlinear in different cases. An intuitive illustration of
dimensionality reduction is displayed in Fig. 1 for different
types of data, i.e., vectors, matrices, and the general tensors,
as introduced later in this paper.

We now introduce the dimensionality reduction pro-
blem from the new point of view of graph embedding. Let
G ... X;Wg be an undirected weighted graph with vertex
set X and similarity matrix W2 RN N. Each element of
the real symmetric matrix W measures, for a pair of
vertices, its similarity, which may be negative. The matrix
can be formed using various similarity criteria, such as
Gaussian similarity from Euclidean distance as in [3], local
neighborhood relationship as in [18], and prior class
information in supervised learning algorithms as in [14].
The diagonal matrix D and the Laplacian matrix L of a
graph G are defined as

L.D W; Di.. Wij; 8i: 2
j6.i
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In this work, the graph embedding of the graph G is
defined as an algorithm to find the desired low-dimensional
vector representations relationships among the vertices of G
that best characterize the similarity relationship between the
vertex pairs in G. To simplify exposition, we explain the one-
dimensional case and represent the low-dimensional repre-
sentations of the vertices as a vector y ... 5y1;ya,...;yn |,
where y; is the low-dimensional representation of vertex Xx;.
We define an intrinsic graph to be the graph G itself and a
penalty graph GP ... £X; WPg as a graph whose vertices X are
the same as those of G, but whose edge weight matrix WP
corresponds to the similarity characteristics that are to be
suppressed in the dimension-reduced feature space. For a
dimensionality reduction problem, we require an intrinsic
graph G and, optionally, a penalty graph GP as input. Our
graph-preserving criterion is given as follows:

=<
y ..arg min

y'By..d .

kyi yjk°Wij ..arg min y'Ly; 3
i6] yTBy...d

where d is a constant and B is the constraint matrix
defined to avoid a trivial solution of the objective
function. B typically is a diagonal matrix for scale
normalization and may also be the Laplacian matrix of
a penalty graph GP. That is, B ... L? ... DP WP, where DP
is the diagonal matrix as defined in (2). We note that a
similar graph preserving criteriop, could alternatively be
formulated with tigg constraint ikyiszii .. d for scale
normalization or ;5. kyi yjkzwi‘} .. d for the penalty
matrix GP, when y; is of multiple dimensions.

The similarity preservation property from the graph
preserving criterion has a two-fold explanation. For larger
(positive) similarity between samples x; and x;j, the distance
between y; and y; should be smaller to minimize the
objective function. Likewise, smaller (negative) similarity
between x; and x; should lead to larger distances between
yi and y; for minimization.

The graph preserving criterion provides the direct graph
embedding for all the vertices. To offer mappings for data
points throughout the entire feature space, we present three
approaches.

Linearization. Assuming that the low-dimensional vec-
tor representations of the vertices can be obtained from a
linear projection as y .. X"w, where w is the unitary
projection vector, the objective function in (3) becomes

W x;k*Wij ... argminw' XLXTw:
wT xBXTw..d
orwlw..d

w ...argmin  kw'x;

T T P
w! XBX'w..d
orwlw..d i6

4

Note that, in the linearization case, scale normalization of
the low-dimensional representations may be transformed
onto the projection direction as in (4).

Commonly, the linearization extension of graph embed-
ding is computationally efficient for both projection vector
learning and final classification; however, its performance
may degrade in cases with nonlinearly distributed data and
we introduce the kernel extension of graph embedding to
handle nonlinearly distributed data as follows.

Kernelization. A technique to extend methods for linear
projections to nonlinear cases is to directly take advantage of
the kernel trick [16]. The intuition of the kernel trick is to map
the data from the original input space to another higher
dimensional Hilbertspaceas :x ¥ F and then performthe

NO. 1, JANUARY 2007
linear algorithm in this new feature space. This approach is
well-suited to algorithms that only need to compute the inner
product of data pairs k Xi; Xjp..  Xi Xj . Assuming that
the mapping direction w ... Xj and K is the kernel
Gram matrix with Kjj ... X; Xj , we have the following
objective function from (4):

.argmin -k TK;  TKjK*Wjj ... argmin TKLKT
TKBK ..d i6.j TKBK ..d
or TK .d k or TK .d

5

Here, K indicates the ith column vector of the kernel Gram
matrix K.

The solutions of (3), (4), and (5) are obtained by solving
the generalized eigenvalue decomposition problem [6],

Cv.. By; 6

where C ... L, XLXT or KLK, and B ... I:B: K; XBXT, or
KBK. For the problemin (3), there isatrivial solution with all
elements being the same and corresponding to eigenvalue
zero of the Laplacian matrix L. We generally omititasin [3].

Tensorization. The above linearization and kernelization
of graph embedding both consider a vector representation of
vertices. However, the extracted feature from an object may
contain higher-order structure. For example, an image is a
second-order tensor, i.e., amatrix, and sequential data such as
video sequences used in event analysis is in the form of a
third-order tensor. In uncovering the underlying structure for
data analysis, it is undesirable to mask the underlying high-
order structure by transforming the input data into a vector as
done in most algorithms, which often leads to the curse of
dimensionality problem. Thus, a natural further extension of
the above linearization and kernelization of graph embed-
ding is to conduct dimensionality reduction with vertices
encoded as general tensors of an arbitrary order.

Before introducing the tensorization of graph embed-
ding, we review some terminology on tensor operations
[23]. The inner product of two tensors A 2 IR™ Mz - Mn
and B 2 R™ ™M - ™ of the same dimensions is defined as

ilu-ml)Qn---mn
<AB>. Ais....iin Bigs..ins
ir..1.00h..1
o)

the normof atensor AiskAk ...~ < A; A >, and the distance
between tensors A and B is KA Bk. In the second-order
tensor case, the normiscalled the Frobenius norm and written
as kAke. The k-mode product of a tensor A and a matrix U 2

T AL iy i e Ui - 1.0 ;mi. In this paper, bold
upper case letters represent general tensors, italic upper case
letters denote matrices, italic lower case letters represent
vectors, and plain-text lower case letters denote scalars.

We express the training sample set in tensor form as
X; 2 IR™ M2 - Ma-j  1:2:...;Ng. Similar to the lineariza-
tion of graph embedding, we assume that the low dimen-
sional representation of a vertex is a tensor of a smaller size
which is projected from the original tensor with projection
matrices. A one-dimensional case can be represented as

2

Vi Xioawh o ow?o wn 7
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Graph Embedding
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Fig. 2. Graph embedding along with its linearization, kernelization, and
tensorization: A unified framework for dimensionality reduction. The top
row is the graph embedding type, the middle row is the corresponding
objective function, and the third row lists the sample algorithms.

Then, the objective function of (3) is expressed as

X
whow” arg min kKXi wt ow?... pw"
fwl.ow .d i6.j 8
Xi 1wt owA o wkPW

Here, if the matrix B is computed from scale normalization,
then

X
kX

[

whoow? L wKBi: 9

and, if B comes from the penalty graph, i.e., B..LP ..
DP WP, then

>
fwhooowh o kX wh awAl awt X gw!
i6.j
2 200/p.
SW L. ankWi'}.
10

In many cases, there is no closed-form solution for the
objective function of (8). However, for each projection
vector Wy, 0...1;2:...;n, if wh...owe Lwe L ow" are
known, then the objective function is the same as that of
(@) ifwesetx;..X; (wh... o aw®?l 5 wel n W,
Therefore, we can obtain the solution in a closed-form
manner by fixing the other projection vectors and the local

Lo llwll=1

\iunsltaiﬂt ’Alnnsic
(a)

&anal‘nj

optimum of the objective function (8) can be obtained by
optimizing different projection vectors iteratively.

Compared with the linearization of graph embedding, the
feature dimension considered in each iteration of tensoriza-
tion is much smaller which effectively avoids the curse of
dimensionality issue and leads to a significant reduction in
computational cost.

2.2 General Framework for Dimensionality
Reduction

In this section, we show that the previously mentioned
dimensionality reduction algorithms can be reformulated
within the presented graph embedding framework. The
differences between these algorithms lie in the computation
of the similarity matrix of the graph and the selection of the
constraint matrix. Fig. 2 provides an illustration of the
graph embedding framework and also lists example
algorithms for different types of graph embeddings. In the
following, we give an overview of these algorithms.

PCA [11], [22] seeks projection directions with maximal
variances. In other words, it finds and removes the
projection direction with minimal variance, i.e.,

w ..argminw'Cw  with
wiw...1 1
1 XN 1 1 1 or
C...N L X X X X "'NX | Nee X'

Here, e is an N-dimensional vector and | is an identity
matrix, C is the covariance matrix, and x is the mean of all
samples. It is clear that PCA follows the linearization of
graph embedding with the intrinsic graph connecting all
the data pairs with equal weights and constrained by scale
normalization on the projection vector. Fig. 3a illustrates the
intrinsic graph of PCA. KPCA [16] applies the kernel trick
on PCA, hence it is a kernelization of graph embedding.
2DPCA [29] is a simplified second-order tensorization of
PCA and only optimizes one projection direction, while [30]
and [25] are full formulations of the second-order tensor-
ization of PCA. Note that [10] qualitatively notes that PCA
can be related to LPP by connecting the graph as in Fig. 3a.
However, it does not completely and formally justify that
PCA is a special case of their LPP framework since PCA
utilizes a maximization criterion, while LPP is based on

Class'2 ™ 2§

nirinsic

(b)

Fig. 3. The adjacency graphs for PCA and LDA. (a) Constraint and intrinsic graph in PCA. (b) Penalty and intrinsic graphs in LDA.
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TABLE 1
The Common Graph Embedding View for the Most Popular Dimensionality Reduction Algorithms

Note that the type D stands for direct graph embedding, while L, K, and T indicate the linearization, kernelization, and tensorization of the graph

embedding, respectively.

minimization. With graph embedding, the intrinsic graph
characterizes the properties of the projections that need to
be be found and discarded, namely, the directions of small
variance in PCA.

LDA [14] searches for the directions that are most
effective for discrimination by minimizing the ratio between
the intraclass and interclass scatters:

w ..arg min w'Syw... arg m|nWTS arg min "Sww.
W ;
W' Sgw...d wT Sgw wo wTCw
> 1 B
Sw ... Xi X% ox; x8 T X1 —e%T XT:
i1 .1
» T
Sg ... nex® x x* x'..NC Sy:
c..1l
12

Here, x° is the mean of the cth class and e® is an
N-dimensional vector with e®i .. 1 if ¢ ... ¢j; 0 otherwise.
Note that, for the first line of (12), the second equality is
guaranteed to be satisfied when d 6. 0. When d ... 0, it will
still be satisfied given that it is valid to minimize w' Syyw=d
with respect to w and the optimal solution is obtained by
minimizing w' Syw.

We can observe that LDA follows the linearization of
graph embedding in which the intrinsic graph connectsall the
pairs with same class labels and the weights are in inverse
proportion to the sample size of the corresponding class. The
intrinsic graph of PCA is used as the penalty graph of LDA.
Note that, although [10] discusses the relationship between
LDAand LPP,B ... D in LPP, which implies that LDA cannot
be described as a special case of the LPP algorithm. In
contrast, with the graph embedding formulation in (4) and
the constraint from a penalty graph, LDA can naturally be
reformulated within the graph embedding framework.
Fig. 3b exhibits these two graphs for LDA. The Kernel
Discriminant Analysis (KDA) [9] algorithm is the kernel
extension of LDA. 2DLDA [31] is the second-order tensoriza-
tion of LDA, and the algorithm known as DATER [26] is the
tensorization of LDA in arbitrary order.

ISOMAP was proposed in [20] to find the low-dimen-
sional representations for a data set by approximately
preserving the geodesic distances of the data pairs. Let Dg
be the obtained approximated geodesic distance matrix. The
function Dg .. HSH=2, where H..1 1=Nee’ and
Sij ... D i;j , converts the distance matrix into the corre-
sponding inner product matrix. The MDS [20] algorithm is
designed to obtain low-dimensional representations for all
data points. ISOMAP follows the direct graph embedding
formulation, as proven in Appendix A.

LLE [18] maps the input data to a lower dimensional
space in a manner that preserves the relationship between
the neighboring points. First, the sparse locghreconstruction
coefficient matrix M is calculated such that = ;5\, ; Mjj ... 1,
where the set N i is the index set of the k nearest neighbors
g; the sample x; and the objective function kx;

jene i Mijxjk is minimized, and then the low dimensional
[gpresentatlon y is obtained by minimizing i Kyi

2Ny i M;;yjk?. LLE follows the direct graph embeddlng
formulation, which we prove in Appendix B. Teh and
Roweis [21] proposed a procedure to align disparate locally
linear representations into a globally coherent coordinate
system by preserving the relationship between neighboring
points as in LLE. As demonstrated in [28], it is actually a
special Geometry-Adaptive-Kernel-based LLE, that is, it is a
kernel extension of LLE. The linearization of LLE, called
LEA, was recently discussed in [7].

Laplacian Eigenmap (LE) [3] preserves the similarities of
the neighboring points. Its objective function is similar to
that in (3) and the adjacency matrix is calculated from the
Gaussian function W;; ... expf kx; xij:tg ifi2Ngj or
Jj 2 N i ; 0 otherwise. It naturally follows the direct graph
embedding formulation. The newly proposed LPP [10]
algorithm is its direct linear approximation, i.e., its
linearization.

The above algorithms were proposed with different
motivations. However, they in fact share the common
formulation of (3), (4), (5), and (8). From the above analysis
and the proofs given in the Appendices, Table 1 lists the
similarity and constraint matrices for all of the above-
mentioned methods. Their corresponding graph embed-
ding types are also given.

2.3 Related Works and Discussions

We present a detailed discussion on the relationship
between the graph embedding framework and some well-
known related works.

2.3.1 Kernel Interpretation [13] and Out-of-Sample
Extension [4]

Ham et al. [13] proposed a kernel interpretation of KPCA,
ISOMAP, LLE, and Laplacian Eigenmap and demonstrated
that they share a common KPCA formulation with different
kernel definitions. Our framework and Ham’s work present
two intrinsically different perspectives to interpret these
algorithms in a unified framework and they are different in
many aspects. First, Ham’s work was proposed by consider-
ing the normalized similarity matrix of a graph as a kernel
matrix, whereas our work discusses the Laplacian matrix
derived from the similarity matrix of a graph. Second,
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